In order to study tensor fields of type (0,2) on manifolds and fibrations we introduce the notion of Superspaces, that are not the ones well known in physics. With the help of these objects we generalized the concept of natural tensor without making use of the theory of differential invariant.
Introduction
In [8] , Kowalski and Sekizawa defined and characterized the natural tensor f ields of type (0, 2) on the tangent bundle T M of a manifold M . More precisely, letg be a metric on T M which cames from a second order natural transformation of a metric g on M .
Then there are natural F − metrics ξ 1 , ξ 2 are the classical Sasaki, horizontal and vertical lift of ξ 1 , ξ 2 and ξ 3 respectively. Also Kowalski and Sekizawa [9] study the natural tensor f ields on the linear frame bundles of a manifold endowed with a linear connection.
In [2] , Calvo and Keilhauer showed that given a Riemannian manifold (M, g) any (0, 2) tensor field on T M admits a global matrix representation. Using this one to one relation, they defined and characterized what they called natural tensor. In the symmetric case this concept coincide with the one of Kowalski and Sekizawa. Keilhauer [5] defined and characterized the tensor fields of type (0, 2) on the linear frame bundle of a Riemannian manifold endowed with a linear connection. The natural tensors on the tangent and cotangent bundle of a semi Riemannian manifold was characterized by Araujo and Keilhauer in [1] . The idea of all these works ( [1] , [2] and [5] ) is to lifted to a suitable fiber bundle a tensor field on the tangent bundle, cotangent bundle and linear frame bundle respectively, so that to look at them as a global matricial maps. The principal difference with the works [8] and [9] is that do not make use of the theory of differential invariant.
The aim of this work is generalized the notion of natural tensor fields in the sense of [1] , [2] and [5] to manifolds and fibrations. With this purpose we introduce the con-cept of superspace. In Section 2, we define and give some examples of superspaces. We also see general properties of superspaces, for example that there exist a one to one relationship between the tensor fields of type (0, 2) and some types of matricial maps. This relationship allows us to study the tensor fields in the sense of [2] . We characterize the superspaces which its group acts without fixed point. We study some general statement of morphisms of superspaces and tensor fields on manifolds in Section 3. In Section 4, we define connections on superspace (that agree with the well known notion of connection when the superspace is also a principal fiber bundle). We give a condition that a superspace endowed with a connection has to satisfies to has a parallelizable space manifold. Also, help by a connection we show an useful way of lift metrics on the manifold to the space manifold of the superspace. The concept of superspace gives several notions of naturality. The λ − natural and λ − natural tensors with respect to a fibration are define in section 5. We also give examples and we see that these notions extend that one of [1] , [2] and [5] . In Section 7 we define the notion of atlas of superspaces and we use them to generalized the λ − naturality. In Section 8, we consider some superspaces over a Lie groups and characterized the natural tensors fields on it. Finally, we study the bundle metrics on a principal fiber bundle endowed with a linear connection.
It is convenient to clarify that the superspaces that we define in this article are not the ones well know in physics. that we called the base change morphism of the superspace λ. It easy to see that L is a group morphism. In this case we said that λ have a rigid base change. From now on, we will consider only this class of superspaces.
In the sequel, dim M = n, dim O = k and we will denote the Lie algebra of O by o. Unless otherwise stated, we assume that all tensor are of type (0, 2). 
is the horizontal lift with respect to ω of u i at p and, for 1 ≤ j ≤ k, e n+j (p, u, w) is the only vertical vector on P p such that ω(p)(e n+j (p, u, w)) = w j .
λ is a superspace over P and it's base change morphism is given by L(a, b) = a 0 0 b .
Example 4
This example can be found in [5] . Let M be a manifold and ∇ be a linear connection on it. Let K : The importance of the superspaces for the study of the tensors on manifolds is given by the following proposition:
surjective linear map and for any vector field
Proposition 5 Let λ = (N, ψ, O, R, {e i }) be a superspace over M and L be the base change morphism of λ. There is a one to one correspondence between tensors of type (0, 2) on M and differentiable maps λ T : N −→ IR n×n that satisfy the invariance property
Proof. Let T be a tensor on M . Consider the matrix function λ T :
For a ∈ O, we have that the (i, j) entry of the matrix
s j , hence λ T satisfies the invariance property. Let F : N −→ IR n×n be a differentiable function that satisfies the invariance property, we are going to show that there exist a unique tensor
Consider z andz such that ψ(z) = ψ(z) = p. Since O acts transitively on the fibers of N , there exists a ∈ O that satisfiesz = z.a. Therefore, λ X(z).
• ψ is differentiable and ψ is a submersion. Since T is F(M )-bilinear, we conclude that T is a tensor of type (0,2) on M . Finally, it is clear from the way that we have constructed T , that λ T = F .
It is well know that the action of group on a manifold induces an equivalence relation defined by z ∼ z ′ if and only if there exists a ∈ O such that z ′ = z.a. To prove the previous Theorem we will need the following next two lemmas. Proof. Consider the map ρ :
. ρ is a submersion since ψ it is. Let the set∆ = {(z, z ′ ) : z ∼ z ′ } and ∆ be the diagonal submanifold of N × N . Since z ∼ z ′ if and only if ψ(z) = ψ(z ′ ), we have that∆ = ρ −1 (∆). Therefore∆ is a closed submanifold of N × N . It is well know (see for example [3] ) that if a group O acts on a manifold N , N/O has a structure of differentiable manifold such that the canonical projection π is a submersion if and only if∆ is a closed submanifold of N × N . In this case, the differentiable structure of N/O is unique.
Lema 8 Under the hypotheses of the previous lemma:
is differentiable and ker π * ⊆ ker ψ * . In the other hand, let g : M −→ N/O, defined by g(p) = π(z) where z ∈ N satisfies that ψ(z) = p. Since O acts transitively on the fibers of N , g is well defined. As π = g • ψ we have that g is a differentiable function and that ker ψ * ⊆ ker π * . An easy verification shows that g
Proof of Theorem 6. It remains to prove that (N, ψ, O, R) satisfies the local triviality property, (i.e. all p ∈ M has an open neighbour U on M , and a diffeomorphism τ : If we say that a superspace λ = (N, ψ, O, R, {e i }) over M is principal fiber bundle, we want to say that (N, ψ, O, R) is a principal fiber bundle over M .
We denote by S z = {a ∈ O : z.a = z} the stabilizer's group of the action R at z. It is well know that, if for a point z ∈ N the orbit z.O is locally closed (i.e. if w ∈ z.O, there exist an open neighbour V of w on N , such that V ∩ z.O is a closed set of V ), then z.O is a submanifold of N and f z ([a]) = z.a is a diffeomorphism between O/S z and z.O, see [3] .
Proof. Let z ∈ N and ψ(z) = p. That dim N = dim ker ψ * z + dim M and dim ker ψ * z = dim ψ −1 (p) follow from the fact that ψ is a submersion. Note that z.O = ψ −1 (p), since O acts transitively on the fibers. As
Given a superspace λ over M , it will be very important to know the tensors on M that satisfy that λ T is a constant matrix. It is clear that not for every matrix A ∈ IR n×n there exists a tensor T on M such that A = λ T . From proposition 5, we know that a necessary and sufficient condition for this happens is that L(a) t .A.L(a) = A for all a ∈ O. In that case, we said that λ admits matrix representations of type A. In the last part of the Section we show some conditions that a superspace has to satisfies to admits matrix representation of certain class of diagonal matrix. For ν = 0, 1, · · · , n − 1, we denote by I ν the following matrix of IR
With O ν we denote the orthonormal group of index ν.
ii) λ admits matrix representations of type I ν .
iii) There is a semi-Riemannian metric on M of signature ν such that {e 1 (z), . . . , e n (z)} is an orthonormal base of M ψ(z) for all z ∈ N .
iv) There exists a tensor
Proof. i) =⇒ ii) Consider the constant map F ≡ I ν . Since F satisfies the invariance property, it follows from the Proposition 5 the existence of a tensor that satisfies
The next proposition is a consequence of the fact that
Proposition 13 
Proposition 14 Proof. If λ admits matrix representations of type I 0 , I 1 , . . . , I ν , from the proposition
L ≡ I n×n and the proposition follows.
3 Morphisms of Superspaces.
Note that if λ and λ ′ are principal fiber bundles, (f, τ ) is a principal bundle morphism between them.
Example 16 
Remark 18 It is easy too see that if τ is surjective then f is also surjective. If O ′ acts without fixed point, then we have that τ is surjective if and only if f is surjective; the injectivity of τ implies that of f ; and if τ is bijective then f is bijective too. If O and O ′ act without fixed point, then f is injective if and only if τ is it.
Let (f, τ ) : λ −→ λ ′ be a morphism of superspaces. As
We called to the function C : N −→ GL(n) the linking map of (f, τ ). For example the linking map of the morphism given in 16 is C(z) = Id n×n . Let λ be a superspace over M with base change morphism L and
, where L and L ′ are the base change morphism of λ and λ ′ respectively, and the relationship between two linking maps is given by
Let λ = (N, ψ, O, R, {e i }) be a superspace over M and F : N −→ IR n×n be a matrix function, we say that it comes from a tensor if there exist a tensor T on M such that λ T = F . In this case, we say that F is the matrix representation (or the induced matrix function by) of T with respect to λ.
for all z ∈ N and a ∈ O.
Proof.
The other implication follows by a verification of the invariance property.
Remark 20 Let T be a tensor on M . From the above Proposition it follows that until the k th iteration of T by (f, τ ) comes from a tensor on M if and only if
L t .(C t ) j . λ T.C j .L = (L ′ • τ ) t .(C t ) j . λ T.C j .(L ′ • τ ) for all 1 ≤ j ≤ k.
Corollary 21
The following sentences are equivalent:
Proposition 22 Let (f, τ ) : λ −→ λ ′ be a morphism of superspaces and T be a tensor on M then
where C is the linking map of (f, τ ).
morphism of superspaces and T a tensor on M . We say that T is invariant by
Let us denote with I (f,τ ) the set of invariant tensors by (f, τ ). I (f,τ ) is a subspace of χ 0 2 (M ). For example, be λ a super space over M and LM the superspace induced by the frame bundle, if (f, τ ) : λ −→ LM is the morphism given in the example 16, then I (f,τ ) = χ 0 2 (M ). Given a superspace λ = (N, ψ, O, R, {e i }) and T = 0, then there exist a ∈ Gl(n) and z ∈ N such that a t .T (z).a = T (z). Therefore if we consider the superspace
Proof. Let us denoted by λ T j and λ ′ T j the matrix representation of the j th iteration of T with respect to λ and λ ′ respectively.
Let T be a tensor on M and λ = (N, ψ, O, R, {e i }) be a superspace over M . For each z ∈ N , consider the lie subgroup of GL(n) defined by G T (z) = {D ∈ GL(n) :
We call it the group of invariance of T at z. For simplicity of notation we write G T (z) instead of G λ T (z) which is more convenient. In these terms, a tensor T is invariant by (f, τ ) if and only if
, is a homomorphism of Lie groups. We called the subset F T = {(z, g) : z ∈ N and g ∈ G T (z)} of N × GL(n) the invariance set of T . If there is a tensor T on M that admits a matrix representation of the form λ T = α.Id n×n , with α = 0, then F T = N × O(n). Let λ be the superspace of example 4. If T is the tensor on LM that satisfies λ T = 0
where S m denotes the symplectic group of IR 2m×2m . In general F T does not has a manifold structure. The invariant tensor by a morphism (f, τ ) : λ −→ λ ′ they are those that satisfy that (z, C(z)) ∈ F T for all z ∈ N .
4 Connections on Superspaces.
Given λ = (N, O, ψ, IR, {e i }) a superspace over M , for z ∈ N let us denote by V z the vertical subspace at z induced by the projection ψ (i.e. V z = ker ψ * z ). Note that dim V z = k − s where s is the dimension of the stabilizer S z . As when we deal with fibrations, we have a notion of connections for the superspaces.
Definition 26 A connection on a superspace λ over M is (1, 1) tensor φ on N that satisfies:
2) φ 2 = φ, φ is a projection to the vertical space. Definition 27 Let v ∈ M p and z ∈ ψ −1 (p). We called horizontal lift of v at z to the unique
is a base of H z for all z ∈ N , but perhaps the vector fields e h i are not smooth.
For all z ∈ N we have defined the function
It is not difficult to see that ker(σ z ) * e = T e S z .
Let the 1-forms
eally independent and they are a base of the null space of the vertical subspace. Straightforward calculations show that the 1-forms θ i satisfy that L(a).
Proposition 29 Let λ be a superspace over M such that exists a subspaceṼ of o that
If λ admits a connection, then the tangent bundle of N is trivial.
Proof. Let {X 1 , · · · , X k−s } be a base ofṼ , then the vertical vector fields {V i (z) = (σ z ) * e (X i )} are a base of V z for all z ∈ N . For i = 1, · · · , k − s, let the 1-forms W i on N defined by
the dual base {e h 1 , · · · , e h n , V 1 , · · · , V k−s } are smooth vector fields and they trivialize the tangent bundle of N .
Remark 30
In this situation, we can lift a metric G on M to a metricG on N in a very natural way. Given G a Riemannian metric on M let
G is a metric on N and ψ : (N,G) −→ (M, G) is a Riemannian submersion. To keep in mind the metricG can be very useful. For example, using the fundamental equations of a Riemannian submersion [10] we can relate the curvature tensors of both metrics. Sometimes if we chose appropriately the superspace over M , we can simplify considerably the calculation of the curvature tensor of (M, G).
Let λ be a superspace over M endowed with a connection φ. If λ satisfies the assumptions of the preceding proposition we have:
Proposition 31 Let X be a vector field on M . Then there exists a unique vector field X h on N such that X h (z) ∈ H z and ψ * z (X h (z)) = X(ψ(z)) for all z ∈ N .
Proof. Let p 0 ∈ M and z 0 ∈ N such that ψ(z 0 ) = p 0 . As ψ is a submersion, there exist (U, x) and (V, y) centered at p 0 and z 0 respectively that satisfy ψ(U ) ⊆ V and
For this reason, we can take an open covering {U i } i∈I of N , and for each U i we have a fieldX i ∈ χ(U i ) that satisfies the previous property. Let {ζ i } i∈I be a unit partition subordinate to the covering {U i } i∈I , consider the vector fieldX ∈ χ(N ) given forX = i∈I
is the vector field that we looked for. The uniqueness follows from the fact that ψ * z | Hz :
Remark 32 Let ∇ be a linear connection on M and consider the 1-forms on N given
the annihilator of the horizontal subspace H z and we can lift a metric
The projection ψ : (N,G) −→ (M, G) is a Riemannian submersion.
5 Natural Tensor Fields.
Natural tensor Fields on Fibrations.
In this section we will study certain class of tensors on a manifold and on a fibration. With a tensor T on a fibration we want to mean that T is a tensor on the space manifold of the fibration. If α = (P, π, IF) is a fibration we will consider a particular class of superspaces over P in order to take into account the structure of the fibration for the study of the tensors on it.
Definition 33 Let α = (P, π, IF) be a fibration on M and λ = (N, ψ, O, R, {e i }) be a superspace over P . We say that λ is a trivial superspace over α if N = N ′ × IF.
Example 34
The superspace λ = (LM × GL(n), ψ, GL(n), R, {H i , V i j }) given in the example 4 is a trivial superspace over the frame bundle of M .
Definition 35 Let α = (P, π, IF) be a fibration and λ = (N × IF, ψ, O, R, {e i }) be a trivial superspace over α. We say that a tensor T on P is λ-natural with respect to α if λ T (z, w) = λ T (w) (i.e. it matrix representation depends only of the parameter w of the fiber IF ).

Remark 36 Let M be a manifold endowed with a linear connection ∇ and a Riemannian metric g. If we consider the superspaces
where O(M ) is the manifold of orthonormal bases of (M, g) and the action of the orthonormal group and the projection are similar to that ones of λ, then the concept of λ − natural and λ ′ − natural with respect to (LM, π, GL(n)) agree with that ones of natural tensor with respect to the connection ∇ and with respect to the metric g given in [5] .
Remark 37 There exist superspaces such that the concept of λ−natural with respect to the fibration agree with the known cases of naturality. So, our definition generalize the notion of natural tensor of the tangent and the cotangent bundle of a Riemannian ([2]) (see example 49) and semi-Riemannian manifold ([1]).
Natural Tensor Fields on Manifolds.
In view of the definition of λ − natural with respect to a fibration, it seems interesting to ask what it means to be λ − natural with respect to a manifold. A manifold M can be view as a trivial fibration α M = (M × {a}, pr 1 , {a}) and there is a one to one correspondence between the superspaces over λ and the trivial superspaces over α. 
Remark 40
Let α = (P, π, IF) be a fibration on M and λ a trivial superspace over α. λ is also a superspace over P . If a tensor T on P is λ − natural then T is λ − natural with respect to α. The converse implication not necessarily holds. Let λ = (O(M ) × GL(n), ψ, O(n), R, {H i , V i j }) over LM , there are more λ − natural tensors with respect to LM than constant maps, see [5] .
Remark 41 Let LM be the superspace over M induced by the frame bundle of M and T a LM − natural tensor on M . Let A ∈ R n×n such that LM T ≡ A. Since the base change morphism of LM is the identity of GL(n), A = a t .A.a for all a ∈ GL(n), hence T must be the null tensor. Therefore, for a manifold M the null tensor is the only one that is λ − natural for all the superspaces over M .
Let λ = (N, O, ψ, IR, {e i }) be a superspace over M . Note that if T is λ − natural and (f, τ ) : λ −→ λ is a morphism of superspaces then T ∈ I (f,τ ) . In the other hand, if T ∈ I (f,τ ) for all (f, τ ) automorphism of λ, then λ T is constant in each fiber of N . A necessary and sufficient condition for a tensor T to have a constant matrix representation in each fiber is that T ∈ I (fa,τa) for all a ∈ O, where (f a , τ a ) is the morphism defined by f a (z) = R a (z) and τ a (b) = a −1 b.a. Let us see some facts about the relationship between the natural tensors and the morphism of superspaces. The next two proposition follow from Proposition 22. In particular, if λ = λ ′ the image of the linking map of any automorphism have to be included in the group of invariance of all the λ − natural tensors. For example, if λ = (LM × GL(n), ψ, GL(n), R, {H i , V i j }) and (f, τ ) is an automorphism of λ with linking map C, then C(z) = Id (n+n 2 )×(n+n 2 ) for all z ∈ LM × GL(n). 
ξ).T (ξ).
IfT is λ − natural, then λT ≡ A and since T (q) = 0, A must be the zero matrix. But for
Proposition 47 Let T be a symmetric tensor on M with index and rank constant, then there is a superspace λ over M such that T is λ − natural.
Proof. If rank(T ) = 0 then T is the null tensor and T is λ − natural for all λ. Suppose that rank(T ) = r ≥ 1 and index(T ) = r − s. For every p ∈ M there is a base 
where v is the n th vector of the canonic base of R n , and τ (a) = a 0 0 1 .
Let M and M ′ be manifolds of dimension n and n ′ respectively. Let λ = (N, ψ, O, R, {e i }) and λ ′ = (N ′ , ψ ′ , O ′ , R ′ , {e ′ i }) be superspaces over M and M ′ and (f, τ ) : λ −→ λ ′ a morphism of superspace over an inmersion h :
and it is generated by {h * ψ(z) (e 1 (z)), · · · , h * ψ(z) (e n (z))}.
, for every z ∈ N there exists a matrix A(z) ∈ R n ′ ×n ′ with rank(A(z)) = n that satisfies
In the previous example, A(p, u) = Id (2n−1)×(2n−1) 0 0 0 . If M = M ′ and h is the identity map then (f, τ ) is a morphism of superspaces and A(z) = C −1 (z) is C is the linking map of (f, τ ).
In this situation, we have the following definition:
Definition 50 λ is a subsuperspace of λ ′ if there exists a morphism of superspaces (f, τ ) over an injective inmersion h : M −→ M ′ such that f is an inmersion and the map A induced by (f, τ ) is constant. In this case, we said that λ is a subsuperspace of λ ′
Example 51 Let M be a parallelizable manifold , V a vectorial space and V ′ a subspace of V . Let GL(V ) the group of linear isomorphisms of V and GL(V, V ′ ) the subgroup of linear isomorphisms of V with the property that
, and e i =ē i • pr 1 where {ē 1 , · · · ,ē n } are the vector fields that trivialized the tangent bundle of Let T be a tensor on M and let LM T : LM −→ R n×n the matrix map induced by the superspace LM . Given a superspace λ = (N, ψ, O, R,
Proposition 54 Let T be a tensor on M . There exists λ superspace over M such that T is λ − natural if and only if there exist a matrix A ∈ R n×n and a subsuperspace of LM included in
, where π, R ′ and {π i } are induced by LM . The map π : Γ(N ) −→ M is a submersion. Since π(Γ(N )) = ψ(N ) = M , π is surjective. Let p ∈ M and z ∈ ψ −1 (p), then π(Γ(z)) = p. We are going to see that π * Γ(z) : N Γ(z) −→ M p is surjective. Given v ∈ M p there exists w ∈ N z such that ψ * z (w) = v. Let α be a curve on N that satisfies α(0) = z andα(0) = w, then for β(t) = Γ(α(t)) we have that β(0) = Γ(z) and π * Γ(z) (β(0)) = D| 0 (π(β(t))) = ψ * z (w) = v. In the other hand, it is clear that L(O) acts transitively on Γ(N ), so λ ′ is a superspace and it is a subsuperspace of LM with morphism
Conversely, suppose that there exist A ∈ R n×n and λ = (N, ψ, O, R{e i }) a superspace over M that is also a subsuperspace of LM with morphism (f, τ ) over the identity map, and it holds that f (N ) ⊆ ( LM T ) −1 (A). Since {e i (z)} = {π i (f (z))}.B for B ∈ GL(n),
7 Atlas of Superspaces. 
We said that the superspaces λ and β are compatible if there exists a morphism (f λβ , τ λ,β ) : λ −→ β and (f βλ , τ β,λ ) : β −→ λ such that f λβ and f βλ are diffeomorphisms. Hence, an atlas is a set of compatible superspaces over M . If A satisfies that for an atlas B, A ⊆ B implies A = B, we called it a maximal atlas. In other words, if λ is a superspace compatible with the superspaces of A then λ ∈ A. If λ is a superspace over M let us notate with A =< λ > the maximal atlas generated by λ. Let A be a maximal atlas, it follows from the definition that A =< λ > for every λ ∈ A. Note that there are differents maximal atlases over a manifold. Consider a metric on M , then < LM > and < O(M ) > are maximal superspaces but they are different because LM and O(M ) are not compatible.
Let λ be a superspace over M then A = {λ} is an atlas, therefore the concept of atlas is a generalization of the notion of superspace.
Example 56 Let λ = (N, ψ, O, R, {e i }) be a superspace over M and let
is an atlas of superspaces.
Example 57 Let M be a parallelizable manifold and {H i } n i=1 the vector fields that trivialized the tangent bundle of M . Let (N, g) a Riemannian manifold such that its isometry group
Definition 58 Let A and B be two atlases of superspaces over M and F a collection of morphisms of superspaces from a superspace of A to a superspace of B. F will be called a morphism between the atlas A and B if for every λ ∈ A and β ∈ B there exist (f, τ ) ∈ F such that (f, τ ) : λ −→ β.
Remark 59 Let A and B be two atlas over M , λ 0 ∈ A, β 0 ∈ B and (f 0 , τ 0 ) : 
The answer is no. Consider a parallelizable Riemannian manifold (M, g).
and τ (a) = Id n×n . Therefore for every maximal atlas A there is a morphism between it and O(M ), and we just know that O(M ) it is not compatible with LM . For study the naturality of tensors on a fibration α = (P, π, IF) it will be useful consider the atlases A such that all the superspaces of it are trivial over α. An atlas with this property will be called a trivial atlas over α. The following definition is a generalization of the concept of naturality with respect to a fibration:
Definition 65 Let A be a trivial atlas over a fibration α = (P, π, IF) and T a tensor on P , then T is A − natural with respect to α if T is λ − natural with respect to α for all λ ∈ A.
Example 66 Let α = (P, π, G, ·) be a principal fiber bundle on (M, g) endowed with a connection ω. For every As above, if A is a maximal trivial atlas over α the only A − natural tensor with respect to α is the null tensor. So we have a weak definition of naturality for this case too. We said that T is A − weak natural with respect to α if T is λ − natural with respect to α for some λ ∈ A.
Examples.
We conclude showing some examples of superspaces:
Lie groups
Let G be a lie group of dimension k. We notated with e the unit of G. If v = {v 1 , . . . , v n } is a base of g, let H v i be the unique left invariant vector field on G such that
. . , H v n (g)} is base of the tangent space of G at g.
Example 67
Given v a basis of g, let λ v = (N, ψ, G, R, {e v i }) be the superspace over G defined by:
, the base change morphism L v is constantly the identity matrix of R k×k . Therefore, if T is a tensor on G it satisfies that
For this reason, all constant matricial maps come from a tensor, hence the λ v − natural tensors are in a one to one relation with the matrices of R k×k .
Suppose that λ v T depends only of one parameter, for example 
Suppose that the matrix representation induced by T depends only of the parameter of g. Let g, h ∈ G and w, v ∈ T g G we have to see that T (g)(v, w) = T (hg)((L h ) * g (v), (L h ) * g (w)).
Let {u 1 , . . . , u n } be a base of g.
w i (L hg ) * e (u i ). Hence,
, (L h ) * g (w)) = ( v 1 , . . . , v n ) . λ T (hg, u). Let T be a tensor such that λ T (g, v) depends only of v. We know that λ T (g, v.ξ) = (ξ) t . λ T (e, v).ξ for all ξ ∈ GL(k). 
Bundle metrics.
Let α = (P, π, G, ·) be a principal fiber bundle endowed with a connection ω on a Riemannian manifold (M, g). Let us denote with M ad (g) the set of metrics on g that are invariant by the adjoint map ad. Consider the metric on P defined by 
where l : M −→ M ad (g). If G is compact, M ad (g) = ∅, and if g is also a semisimple algebra, then essentially there is (unless scalar multiplication) only one positive defined ad-invariant metric [7] . If l is a constant function, h is called a bundle metric. It is easy to see that π : (P, h) −→ (M, g) is a Riemannian submersion.
Let l 0 be an ad-invariant map on g. We are going to consider the superspace λ = (N, ψ, O, R, {e i }) over P given by N = {(q, u, v, g) : q ∈ P, u is an orthonormal base of M π(q) , v is an orthonormal base of g with respect to l 0 and g ∈ G}, ψ(q, u, v, g) = q.g, O = O(n) × O(k) × G and the action is defined by R (a,b,h) (q, u, v, g) = (qh, ua, vb, h −1 g). For 1 ≤ i ≤ n, e i (q, u, v, g) is the horizontal lift with respect to ω of u i at q.g and, for 1 ≤ j ≤ k, e n+j (q, u, v, g) is the only one vertical vector on P p.g such that ω(q.g)(e n+j (q, u, v, g)) = v j . λ is a trivial superspace over α.
Let G be a compact Lie group with g a semisimple algebra and h a metric on P of the type of (1). Then, we have the following proposition:
Proposition 70 h is λ − natural with respect to α if and only if h is a bundle metric.
Proof. By definition λ h(q, u, v, g) is the matrix of h(q.g) with respect to de base {e i (q, u, v, g) , e n+i (q, u, v, g)}. For 1 ≤ i, j ≤ n, we have that:
h(q.g)(e i (q, u, v, g), e j (q, u, v, g)) = g(u i , u j ) + 0 = δ ij
